Abstract. It is hard to imagine curved spacetimes of General Relativity. A simple but powerful way how to achieve this is visualizing them via embedding diagrams of both ordinary geometry and optical reference geometry. They facilitate to gain an intuitive insight into the gravitational field rendered into a curved spacetime, and to assess the influence of parameters like electric charge and spin of a black hole, magnetic field or cosmological constant. Optical reference geometry and related inertial forces and their relationship to embedding diagrams are particularly useful for investigation of test particles motion. Embedding diagrams of static and spherically symmetric, or stationary and axially symmetric black-hole and naked-singularity spacetimes thus present a useful concept for intuitive understanding of these spacetimes' nature. We concentrate on general way of embedding into 3-dimensional Euclidean space, and give a set of illustrative examples.
INTRODUCTION
The analysis of embedding diagrams [1, 2, 3, 4, 5, 6, 7, 8] rank among the most fundamental techniques that enable understanding phenomena present in extremely strong gravitational fields of black holes and other compact objects. The influence of charge, spin, magnetic field or cosmological constant on the structure of spacetimes can suitably be demonstrated by embedding diagrams of 2-dimensional sections of the ordinary geometry (t = const hypersurfaces) into 3-dimensional Euclidean geometry and their relation to the well known 'Schwarzschild throat' [9] .
Properties of the motion of both massive and massless test particles can be properly understood in the framework of optical reference geometry allowing introduction of the concept of gravitational and inertial forces in the framework of general relativity in a natural way [10, 11, 12, 13, 14, 15, 16, 17, 18] , providing a description of relativistic dynamics in accord with Newtonian intuition.
The optical geometry results from an appropriate conformal (3 + 1) splitting, reflecting certain hidden properties of the spacetimes under consideration through their geodesic structure. Let us recall the basic properties of the optical geometry. The geodesics of the optical geometry related to static spacetimes coincide with trajectories of light, thus being 'optically straight' [17, 19] . Moreover, the geodesics are 'dynamically straight,' because test particles moving along them are held by a velocity-independent force [12] ; they are also 'inertially straight,' because gyroscopes carried along them do not precess along the direction of motion [13] .
Some fundamental properties of the optical geometry can be appropriately demonstrated namely by embedding diagrams of its representative sections [10, 3, 5] . Because we are familiar with the Euclidean space, 2-dimensional sections of the optical space are usually embedded into the 3-dimensional Euclidean space. In spherically symmetric static spacetimes, the central planes are the most convenient for embedding -with no loss of generality one can consider the equatorial plane, choosing the coordinate system such that θ = π/2. In Kerr-Newman backgrounds, the most representative section is the equatorial plane, which is the symmetry plane. This plane is also of great astrophysical importance, particularly in connection with the theory of accretion disks [6] .
In spherically symmetric spacetimes (Schwarzschild [17] , Schwarzschild-de Sitter [1] , Reissner-Nordström [3] , and Reissner-Nordström-de Sitter [4] ), an interesting coincidence appears: the turning points of the central-plane embedding diagrams of the optical space and the photon circular orbits are located exactly at the radii where the centrifugal force, related to the optical space, vanishes and reverses sign. The same conclusion holds for the Ernst spacetime [5] .
However, in the rotating black-hole backgrounds, the centrifugal force does not vanish at the radii of photon circular orbits [20, 21] . Of course, the same statement is true if these rotating backgrounds carry a non-zero electric charge.
Throughout the paper, geometrical units (c = G = 1) are used.
OPTICAL GEOMETRY AND INERTIAL FORCES
The notions of the optical reference geometry and the related inertial forces are convenient for spacetimes with symmetries, particularly for stationary (static) and axisymmetric (spherically symmetric) ones. However, they can be introduced for a general spacetime lacking any symmetry [18] . Assuming a hypersurface globally orthogonal to a timelike unit vector field n and a scalar field satisfying the conditions n κ ∇ λ n µ = 0, n κ n κ = −1,ṅ λ ≡ n κ ∇ κ n λ = ∇ λ , the 4-velocity u of a test particle of rest mass m can be uniquely decomposed as
Here, τ is a unit vector orthogonal to n, v is the speed, and γ = (1 − v 2 ) −1/2 . Introducing, based on the approach of Abramowicz et al. [18] , a projected 3-space orthogonal to n with the positive definite metric h κλ giving the so-called ordinary projected geometry, and the optical geometryh κλ by conformal rescalingh
the projection of the 4-acceleration a ⊥ κ = h λ κ u µ ∇ µ u λ can be uniquely decomposed into terms proportional to the zeroth, first, and second powers of v, respectively, and the velocity changev = (e γ v) ,µ u µ . Thus, we arrive at a covariant definition of inertial forces analogous to the Newtonian physics [18, 22] 
where the terms
correspond to the gravitational, Coriolis-Lense-Thirring, centrifugal and Euler force, respectively. Here,τ is the unit vector along τ in the optical geometry and∇ is the covariant derivative with respect to the optical geometry.
In the simple case of static spacetimes with a field of timelike Killing vectors n ≡ ξ (t) = ∂/∂t, we are dealing with space components that we will denote by Latin indices in the following. The metric coefficients of the optical reference geometry are given by the formulah
In the optical geometry, we can define a 3-momentum of a test particle and a 3-force acting on the particle [18, 23] 
where p i , f i are space components of the 4-momentum p and the 4-force f . Instead of the full spacetime form, the equation of motion takes the following form in the optical geometry,
where∇ k represents the covariant derivative components with respect to the optical geometry. We can see directly that photon trajectories (m = 0) are geodesics of the optical geometry. The first term on the right-hand side of (7) corresponds to the centrifugal force, the second one corresponds to the gravitational force.
In the case of Kerr-Newman spacetimes, detailed analysis (see, e.g., [21] ) leads to decomposition into gravitational, Coriolis-Lense-Thirring and centrifugal forces (4)
respectively; we also denote ι = e − n. The Euler force will appear for = const only, being determined by˙ = u λ ∇ λ (see [11] ). Here we shall concentrate on the inertial forces acting on the motion in the equatorial plane (θ = π/2) and their relation to the embedding diagram of the equatorial plane of the optical geometry. Clearly, by definition, the gravitational force is independent of the orbiting particle velocity. On the other hand, both the Coriolis-Lense-Thirring and the centrifugal force vanish (at any r ) if = LNRF , i.e., if the orbiting particle is stationary at the LNRF located at the radius of the circular orbit; this fact clearly illustrates that the LNRF are properly chosen for the definition of the optical geometry and inertial forces in accord with Newtonian intuition. Moreover, both forces vanish at some radii independently of . In the case of the centrifugal force, namely this property will be imprinted into the structure of the embedding diagrams.
EMBEDDING DIAGRAMS
The properties of the (optical reference) geometry can conveniently be represented by embedding of the equatorial (symmetry) plane into the 3-dimensional Euclidean space with line element expressed in the cylindrical coordinates (ρ, z, α) in the standard form. The embedding diagram is characterized by the embedding formula z = z(ρ) determining a surface in the Euclidean space with the line element
isometric to the 2-dimensional equatorial plane of the ordinary or the optical space line element [24] 
The azimuthal coordinates can be identified (α ≡ φ) which immediately leads to ρ 2 = h φφ , and the embedding formula is governed by the relation dz dρ
It is convenient to transfer the embedding formula into a parametric form z(ρ) = z(r (ρ)) with r being the parameter.
The sign in this formula is irrelevant, leading to isometric surfaces. Because dz/dρ = (dz/dr )(dr/dρ), the turning points of the embedding diagram, giving its throats and bellies, are determined by the condition dρ/dr = 0. The embedding diagram can be constructed if the reality condition h rr − (dρ/dr ) 2 ≥ 0 holds.
EXAMPLES OF EMBEDDING DIAGRAMS
In this section we present graphic representations of embedding diagrams for various spacetimes with their brief description. For full treatment, see the reference provided at the beginning of each subsection.
Schwarzschild spacetime with nonzero cosmological constant
The influence of cosmological constant on the structure of Schwarzschild-de Sitter spacetime is treated in full technical details by Stuchlík and Hledík [1] . Putting y ≡ M 2 /3, t → t/M, r → r/M, where M is the mass parameter and denotes the cosmological constant, the line element in standard Schwarzschild coordinates reads
Embedding diagrams of the ordinary geometry are given by the formula z = z(r ), which can be obtained by integrating the relation dz dr
In the case of Schwarzschild-de Sitter spacetimes, the embedding can be constructed for complete static regions between the black-hole (r h ) and cosmological (r c ) horizons. Recall that the static region exists for y ≤ 1/27 only. In the case of Schwarzschild-anti-de Sitter spacetimes, the static region extends from the black-hole horizon to infinity. However, we can see directly from Eq. (16) that the embedding diagrams of the ordinary space can be constructed in a limited part of the static region, located between the black-hole horizon r h and r e(ord) = (−2/y) 1/3 . Embedding diagrams of optical reference geometry are given by parametric formulas z = z(r ), ρ = ρ(r ):
The embedding formula z = z(ρ) can then be constructed by a numerical procedure. Further, it can be shown [1] that 'turning radii' of the embedding diagrams are given by the condition dρ/dr = 0. Since
we can see that the turning radius determining a throat of the embedding diagram of the optical geometry is located just at r = 3, corresponding to the radius of the photon circular orbit; it is exactly the same result as that obtained in the pure Schwarzschild case. The radius of the photon circular orbit is important from the dynamical point of view, because the centrifugal force related to the optical geometry reverses its sign there [17, 23] . Above the photon circular orbit, the dynamics is qualitatively Newtonian with the centrifugal force directed towards increasing r . However, at r = 3, the centrifugal force vanish, and at r < 3M it is directed towards decreasing r . The photon circular orbit, the throat of the embedding diagram of the optical geometry (dρ/dr = 0), and vanishing centrifugal force, all appear at the radius r = 3.
In the case of Schwarzschild-de Sitter spacetimes containing the static region, the embeddability of the optical geometry is restricted both from below, and from above. Using a numerical procedure, the embedding diagrams are constructed for the same values of y as in the case of the ordinary geometry.
In the case of Schwarzschild-anti-de Sitter spacetimes, the embeddability of the optical geometry is restricted from below again; with y → −∞ the limit shifts to r → 0, along with the radius of the black-hole horizon. The embedding They are similar to the pure Schwarzschild case, because the region near the cosmological horizon being of highly different character is 'cut off' by the limit of embeddability. Taken from [1] .
diagrams are constructed by the numerical procedure for the same values of y as for the ordinary space. These diagrams have a special property, not present for the embedding diagrams in the other cases. Namely, they cover whole the asymptotic part of the Schwarzschild-anti-de Sitter spacetime, but in a restricted part of the Euclidean space. This is clear from the asymptotic behavior of ρ(r ). For r → +∞, there is ρ ∼ (−y) −1/2 . Clearly, with decreasing attractive cosmological constant the embedding diagram is deformed with increasing intensity. The circles of r = const are concentrated with an increasing density around ρ = (−y) −1/2 as r → ∞. Basic features of the embedding diagrams of the Schwarzschild-de Sitter spacetimes are illustrated in Figure 1 .
Interior uniform-density Schwarzschild spacetime with nonzero cosmological constant
The influence of the cosmological constant on the structure of interior uniform-density Schwarzschild spacetime is treated in full technical details by Stuchlík et al. [2] .
The line element in standard Schwarzschild coordinates reads
where
Here M denotes total mass, ρ (uniform) mass density and R external radius of the configuration; is the cosmological constant. Examples of embedding diagrams (for repulsive cosmological constant) are shown in Figure 2 . 
Reissner-Nordström spacetime with nonzero cosmological constant
This section is based on [25] , where full-detail treatment can be found. Putting y ≡ 1 3 M 2 , e ≡ Q/M, t → t/M, r → r/M, where M is the mass parameter, Q is the electric charge and is the cosmological constant, the line element in standard Schwarzschild coordinates reads
An example of classification based on properties of embedding diagrams of optical reference geometry is in Figure 3 . 
Ernst spacetime
The static Ernst spacetime [26, 5] is the only exact solution of Einstein's equations known to represent the spacetime of a spherically symmetric massive body or black hole of mass M immersed in an otherwise homogeneous magnetic field. If the magnetic field disappears, the geometry simplifies to the Schwarzschild geometry. Therefore, sometimes the Ernst spacetime is called magnetized Schwarzschild spacetime. Usually it is believed that for extended structures like galaxies both the effects of general relativity and the role of a magnetic field can be ignored. However, in the case of active galactic nuclei with a huge central black hole and an important magnetic field, the Ernst spacetime can represent some relevant properties of the galactic structures. Therefore, it could even be astrophysically important to discuss and illustrate basic properties of the Ernst spacetime.
The Ernst spacetime has the important property that it is not asymptotically flat. Far from the black hole, the spacetime is closely related to Melvin's magnetic universe, representing a cylindrically symmetric spacetime filled with an uniform magnetic field only. The Ernst spacetime is axially symmetric, and its structure corresponds to the structure of the Schwarzschild spacetime only along its axis of symmetry. Off the axis, the differences are very spectacular, and we shall demonstrate them for the equatorial plane, which is the symmetry plane of the spacetime.
The 
where M ≡ M cgs G/c 2 is the mass, B ≡ B cgs G 1/2 /c 2 is the strength of the magnetic field, ≡ 1 + B 2 r 2 sin 2 θ . The dimensionless product B M ≪ 1 in astrophysically realistic situations. Really, B M ∼ 2 × 10 −53 B cgs M cgs . For example, in case of a black hole with M = 10 9 M ⊙ (typical for AGN), the value B M ∼ 1 corresponds to B cgs ∼ 10 11 Gauss, which is unrealistic. Some illustrative embedding diagrams are collected in Figure 4 . 
